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ON THE COMPLETENESS OF DUAL FOLIATIONS ON
NONNEGATIVELY CURVED SYMMETRIC SPACES
RENATO J.M. E SILVA AND LLOHANN D. SPERANC¸A
Abstract. We prove Wilking’s Conjecture on the completeness of dual leaves
for Riemannian foliations on Nonnegatively curved symmetric spaces.
1. Introduction
In this note we give a short proof to Wilking’s Conjecture [6, Conjecture] in the
case of a nonnegatively curved symmetric space M :
Theorem 1. Let F be a singular Riemannian foliation on M , a symmetric space
with nonnegative sectional curvature. Then, the dual foliation F# has complete
leaves.
Recall that a Singular Riemannian Foliation F is a singular foliation (i.e., it is
defined by an involutive family of smooth vector fields) such that geodesics ema-
nating perpendicularly to one leaf stay perpendicular to leaves. Given a singular
Riemannian foliation F on M , the dual leaf passing through x is the set:
L#x = {q ∈M | ∃c : [0, 1]→M, c(0) = x, c(1) = q, c˙(t) ⊥ Tc(t)L ∀t ∈ [0, 1]}.
The collection of dual leaves produces the dual foliation. This concept and its
foundations were introduced by Wilking [6] and has been used in different situations
in literature (see [1, 2, 4, 5], for instance).
In particular, the dual foliation is a singular foliation (see Wilking [6, Proposition
2.1]), moreover, if M is complete with nonnegative sectional curvature, then the
dual foliation is Riemannian whenever dual leaves are complete. This is the case in
many interesting situations:
Theorem 2. (Wilking [6, Theorem 3]) Suppose that M is a complete nonnegatively
curved manifold with a singular Riemannian Foliation F . Then the dual foliation
has intrinsecally complete leaves if, in addition, one of the following holds:
(1) F is given by the orbit decomposition of an isometric group action;
(2) F is a non-singular foliation and M is compact;
(3) F is given by the fibers of a Sharafutdinov retraction.
Although Theorem 2 gives many interesting conditions for completeness of dual
leaves, [6] conjectures that it should be the general case in nonnegative sectional
curvature:
Conjecture 1. (Wilking [6]) IfM is complete with nonnegative sectional curvature,
then dual leaves are complete.
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To prove Theorem 1, we use a result due to Lytchak [3] to decompose M as a
metric product M = Z ×N , where Z × {n} is a minimal dual leaf, then we study
the critical points of the distance function between a slice {z}×N and a fixed leaf.
In section 2 we state some useful results. In section 3 we prove Theorem 1.
2. Preliminaries
Our main idea to proof Wilking’s conjecture relies on decomposing M as a prod-
uct manifold, where one of the factors is a dual leaf. To this aim, we recall the
following result:
Theorem 3. (Lytchak, [3, Proposition 3.1]) Let M be a symmetric space with
nonnegative sectional curvature. If L# is a dual leaf, then there exists a metric
decomposition M = Z×N where L# is an open subset of Z×{n} for some n ∈ N .
A direct application ensures completeness of leaves with minimal dimension:
Proposition 1. Let M be a symmetric space with nonnegative sectional curvature.
If L# is a dual leaf with minimal dimension, then L# is complete. Moreover,
M = L# ×N.
Proof. Suppose that L# is not complete. Then, Theorem 3 gives us a totally
geodesic submanifold with the same dimension as L# such that L# ( Z.
By hypothesis, the topological boundary of L# on Z is not empty, on the other
hand bd(L#) =
⋃
F# ⊂ Z is a disjoint union of dual leaves (see Wilking [6, page
1312]). Moreover, since F# ⊆ Z,
dimL# ≤ dimF# ≤ dimZ = dimL#.
Therefore, applying Theorem 3 again, each F# is an open subset of Z.
We conclude that the closure of L#, L# ∪ bd(L#), is covered by non-trivial
disjoint open subsets. On the other hand, L# ∪ bd(L#) is closed and connected on
Z, since L# is connected, a contradiction. 
3. Proof of Theorem 1
This section is dedicated to prove Theorem 1. We begin by using Proposition 1 to
construct very particular vertical vectors outside a minimal dual leaf. We denote
by V and H the vertical and horizontal spaces, respectively. Let M = Z × N
and fix (z, n) ∈ L# such that Zn = Z × {n} is a (closed) minimal leaf. Denote
Nz = {z} ×N .
Let U be a tubular neighborhood of Zn where the square of the distance function
f : U → R,
f(z′, n′) = dM ((z
′, n′), Zn)
2 = dN (n
′, n)2,
is smooth. Note that the neighborhood U can be chosen as Z×Bn(r), where Bn(r)
is a convex radius r open ball around n ∈ N and r does not depend on n, since the
injectivity radius on symmetric spaces does not depend on the point.
Lemma 1. For every (z′, n′) ∈ U − Zn, there exists v ∈ T(z′,n′)Nz′ ∩ V(z′,n′) such
that
〈v,∇f〉 < 0.
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Proof. We claim that
∇f /∈ H˜(z′,n′) = prTNH(z′,n′),
the orthogonal projection of H(z′,n′) in T(z′,n′)N . Recall that ∇f(z
′, n′) is the
vector in Nz′ , defined as the velocity of a minimizing geodesic connecting (z
′, n′) to
(z′, n). Observing that geodesics in M = Z×N are product geodesics, we conclude
that no horizontal vector can be of the form X +∇f , X tangent to Zn′ , otherwise
there would be a horizontal geodesic, defined by X +∇f , connecting the dual leaf
passing through (z′, n′) /∈ Zn to the dual leaf Zn, a contradiction.
We conclude that ∇f /∈ H˜, thus there exists v ∈ V ∩ TNz′ = H⊥ ∩ TNz′ =
H˜⊥ ∩ TNz′ 6= 0 such that 〈v,∇f〉 < 0. 
The main idea is to use Lemma 1 to show that Nz is included in a single leaf.
Let (z′, n) be a point in the leaf L(z′,n) ⊆ Z ×N . Define gz′ : L(z′,n) ∩ U → R by
gz′(x) = dM (x,Nz)
2 = dM (x,Nz ∩ U).
Lemma 2. For every (z′, n) ∈ Zn − L(z,n),
dM (L(z′,n) ∩ U,Nz ∩ U) = min gz′ > 0.
Proof. Let m be an arbitrary value for gz′ . We claim that g
−1
z′ (m) ∩Zn 6= ∅. Since
g−1z′ ([m,m
′]) is closed for every m′ > m and Sard’s Theorem guarantees that the
subset of regular values is dense in this interval, we conclude that it is sufficient to
prove the claim for regular values.
Let ǫ2 > 0 be a regular value and Sz(ǫ) ⊂ Zn be the set of points in Zn that are
ǫ-distant from (z, n). Observe that
g−1z′ (ǫ
2) = L(z′,n) ∩ U ∩ (S(ǫ)×N).
Its tangent space is given by
Tg−1z′ (ǫ
2) = TL(z′,n) ∩ TS(ǫ) + TL(z′,n) ∩ TN.
It follows that each point of g−1z′ (ǫ
2)− Zn has a vector v as in Lemma 1, therefore
no critical point of f |g−1(ǫ2) can happen outside g
−1
z′ (ǫ
2) ∩Zn. However, supposing
g−1(ǫ2) 6= ∅, f |g−1(ǫ2) must have a minimum. Since this minimum must happen in
Zn, we conclude that g
−1(ǫ2) ∩ Zn 6= ∅ whenever g−1(ǫ2) 6= ∅.
Since g−1z′ ([m,m
′]), m′ 6= m, is closed and Sard’s Theorem guarantees that the
subset of regular values is dense in this interval, we conclude that g−1z′ (m)∩Zn 6= ∅.
Thus, for (z′′, n) ∈ g−1z′ (m) ∩ Zn, we have
m = gz′(z
′′, n) = dZ(z
′′, z)2 > 0,
which completes the proof. 
Proof of Theorem 1. Since z, z′ in Lemma 2 are arbitrary, we conclude that Nz ∩
U ⊆ L(z,n) for every z (equivalently, Nz ∩ U ∩ L(z′,n) = ∅ whenever (z
′, n) /∈
L(z,n)), thus concluding that TNz|U is vertical. In particular, for every (z
′′, n′′) ∈
U , H(z′′,n′′) ⊆ TZn′′ . Concluding that L
#
(z′′,n′′) = Zn′′ by the minimality of the
dimension of Z and Proposition 1. This argument shows that a dual leaf L#(z′,n′)
coincides with Zn′ whenever n
′ is in the tubular neighborhood U of a dual leaf
L#(z,n) that coincides with Zn. We conclude the proof by recalling that: U can be
chosen as Z × Bn(r), where r does not depend on n; and that every point n
′ ∈ N
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can be connected to n through a sequence n1, ..., nk, such that n1 = n, nk = n
′ and
Bni(r) ∩Bni+1(r) 6= ∅. 
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